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The current dependence of the switching barrier for spin torque switching of an in-plane magne-
tized ferromagnet was studied. Two scaling currents, Ic and I
∗
c (> Ic), were introduced to distinguish
the magnetization stability. In the low-current region I < Ic, the switching barrier is linear to the
current with another scaling current I˜c, while such linear scaling does not hold in the high-current
region Ic ≤ I < I
∗
c . The linear scaling is valid for the high temperature and the long current pulse
duration time.
Spin torque switching of a nanostructured ferromag-
net has been extensively studied because the switching
probability in a thermally activated region provides us
important information about spintronics devices such as
the thermal stability of magnetic random access memory
(MRAM) [1–9]. Since the retention time of MRAM de-
pends strongly on its thermal stability, an accurate evalu-
ation of the thermal stability is required. However, there
is some controversy regarding the theoretical formula of
the switching probability of an in-plane magnetized sys-
tem [10–18]. The issue is the validity of the linear scal-
ing of the current dependence of the switching barrier.
Here, the switching barrier ∆ relates to the switching
probability P through the switching rate ν = fe−∆ as
P = 1−e−νt, in which f and t are the attempt frequency
and current pulse duration time, respectively. The ther-
mal stability can be defined as the switching barrier in
the absence of a current. In the analyses of the experi-
ments, the switching barrier is assumed to be
∆ = ∆0
(
1−
I
I∗c
)b
, (1)
where the thermal stability ∆0 = MHKV/(2kBT ) de-
pends on the magnetizationM , the uniaxially anisotropic
field along the in-plane easy axis HK, the volume of the
free layer V , and the temperature T . The current is
denoted as I while I∗c is the spin torque switching cur-
rent at zero temperature, by which the thermally acti-
vated region is defined as I < I∗c . The important point is
that the switching exponent b in previous works [10–14]
was assumed to be unity. Since those publications, lin-
ear scaling (b = 1) has been widely used to analyze the
spin torque switching experiments [3–9]. On the other
hand, refs. [16, 17] argued that the switching exponent
b depends on the current. The value of b is larger than
unity in the relatively low-current region I ≪ I∗c , and
reaches almost square in the relatively high-current re-
gion, I . I∗c . It is important to clarify the value of the
switching exponent b used to analyze the experiments be-
cause the value of b strongly affects the evaluation of the
thermal stability [19].
In this letter, we studied the reason why the linear scal-
ing (b = 1) seemed to work well to analyze the spin torque
switching experiments. First, we showed that when the
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FIG. 1: Schematic view of an in-plane magnetized system.
The z-axis is parallel to the in-plane easy axis of the free layer
while the x-axis is normal to the film plane.
current is small, eq. (1) can be exactly rewritten as the
switching barrier with linear scaling by introducing an-
other scaling current I˜c. Second, we calculated the cur-
rent dependence of the switching probability, and inves-
tigated the temperature and current pulse duration time
regions in which linear scaling is valid. A comparison
of the calculated values with the previous experiment is
also discussed.
The system we consider is shown schematically in Fig.
1, in which the unit vectors pointing in the magnetization
directions of the free and pinned layers are denoted as m
and np = ez, respectively. The magnetic energy density
of the free layer,
E = −
MHK
2
m2z + 2πM
2m2x, (2)
consists of the uniaxial anisotropy energies along the in-
plane easy axis (z-axis) and the hard axis (x-axis) normal
to the film plane. The energy density has two minima
at m = ±ez, two maxima at m = ±ex, and two saddle
points atm = ±ey. In the experiments, the external field
is applied to the easy axis direction to quickly observe
the switching [6]. However, for simplicity, the discussions
below consider the zero applied field limit only.
We assume that the magnetization dynamics is de-
scribed by the Landau-Lifshitz-Gilbert (LLG) equation
dm
dt
=− γm×H− γHsm× (np ×m)
− γm× h+ αm×
dm
dt
,
(3)
2where H = −∂E/∂(Mm) is the magnetic field. The
strength of the spin torque Hs = ~ηI/(2eMV ) con-
sists of the current I and the spin polarization η. The
positive current corresponds to the electron flow from
the free layer to the pinned layer. The Gilbert damp-
ing constant and the gyromagnetic ratio are denoted
as α and γ, respectively. The components of the ran-
dom field, h, satisfy the fluctuation-dissipation theorem,
〈hi(t)hj(t
′)〉 = [2αkBT/(γMV )]δijδ(t − t
′). Below, the
initial state is assumed to be m = ez.
The theoretical formula of the switching barrier is ob-
tained by solving the Fokker-Planck equation in the en-
ergy space [12, 15, 17, 18], which is derived from the sta-
tistical average of the LLG equation. The explicit form
of the switching barrier is
∆ =
V
kBT
∫ Es
E∗
dE
(
1−
Ms
αMα
)
, (4)
where Ms = γ
2Hs
∮
dt[np · H − (m · np)(m · H)] and
Mα = γ
2
∮
dt[H2 − (m · H)2] are the functions of the
energy density E of the free layer, and are proportional to
the work done by spin torque and the energy dissipation
due to the damping during a precession on the constant
energy line, respectively. The upper boundary of the
integral, Es, corresponds to the saddle point (m = ±ey).
On the other hand, the lower boundary of the integral,
E∗, corresponds to the energy density at which the spin
torque balances the damping. To discuss this point, the
following two characteristic currents must be introduced
[17, 18]:
Ic =
2αeMV
~η
(
HK +
4πM
2
)
, (5)
I∗c =
4αeMV
π~η
√
4πM (HK + 4πM). (6)
In a thin-film geometry (HK ≪ 4πM), I
∗
c ≃ 1.27Ic. The
physical meanings of Ic and I
∗
c are that for I > Ic the ini-
tial equilibrium state (m = ez) becomes unstable while
for I > I∗c the magnetization can switch its direction
without the thermal fluctuation [17]. In the following,
we call the current regions I < Ic and Ic ≤ I < I
∗
c the
low- and high-current regions, respectively. In the low-
current region I < Ic, the damping overcomes the spin
torque at the equilibrium. In this case, E∗ is the mini-
mum of the energy density, −MHK/2, corresponding to
m = ±ez. Then, eq. (4) can be rewritten as
∆(I < Ic) = ∆0
(
1−
I
I˜c
)
. (7)
Here, the scaling current I˜c is defined as
I
I˜c
=
1
MHK/2
∫ 0
−MHK/2
dE
Ms
αMα
. (8)
Using the explicit forms of Ms and αMα given in refs.
[17, 18, 20], the explicit form of I˜c is given by
I˜c =
2αeMV
~η
4πM
S
, (9)
where the dimensionless quantity S is given by
S =
∫ 0
−
k
2
dǫ
π(k + 2ǫ)
k
√
(1 + k)(1 − 2ǫ){2ǫK[k(ǫ)] + kE[k(ǫ)]}
,
(10)
where k = HK/4πM and k(ǫ) =
√
(k + 2ǫ)/[k(1− 2ǫ)].
The first and second kinds of complete elliptic integrals
are denoted as K(k) and E(k), respectively. The current
I˜c satisfies Ic < I˜c < I
∗
c . On the other hand, for Ic ≤ I <
I∗c , E
∗ satisfies Ms(E
∗) = αMα(E
∗), and depends on
the current. In that case, eq. (4) depends on the current
nonlinearly.
Equation (7) means that by replacing I∗c with I˜c, the
switching exponent in the low-current region becomes ex-
actly unity, i.e., b in eq. (1) is
b(I < Ic) =
log(1 − I/I˜c)
log(1− I/I∗c )
, (11)
which satisfies b > 1 and limI→0 b = I
∗
c /I˜c. We empha-
size that eq. (7) is valid only in the low-current region
while eq. (1) is applicable to the entire range of the
thermally activated region. If the switching in the exper-
iments occurs in the low-current region, the linear scaling
of the switching barrier works well to analyze the exper-
imental results. On the other hand, in the high-current
region, we cannot introduce another scaling current that
makes b of eq. (1) unity. If the switching occurs in the
high-current region, linear scaling is not applicable. An-
other important point indicated by eq. (7) is that, even if
the switching occurs in the low-current region, the scaling
current estimated using the linear fit of the experimen-
tally observed ∆(I) is I˜c, not Ic nor I
∗
c . Since I˜c < I
∗
c ,
the linear fit leads to an underestimation of the switching
current at zero temperature.
To study whether switching occurs in the low-current
region, we calculated the switching probability in the low-
current region for several temperatures T and current
pulse duration times t. The switching probability is given
by P (I) = 1 − exp[−ft exp(−∆)], where ∆ in the low-
current region is given by eq. (7). The attempt frequency
in the low-current region is [18]
f(I < Ic) =
2α∆0γ
√
4πM(HK + 4πM)
π
×
(
1−
I
Ic
)[
1−
(
I
I∗c
)2]
.
(12)
Figure 2 shows examples of the current dependences of
the switching probability at 50 and 300 K, in which the
current pulse duration time is 1 µs. The values of the
other parameters are M = 1000 emu/c.c., HK = 200 Oe,
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FIG. 2: Current dependences of the switching probabilities
in the low-current region (I < Ic) at 50 and 300 K. The
current pulse duration time is 1 µs. The current magnitude
is normalized by Ic.
V = π × 80 × 35 × 2.5 nm3, γ = 17.64 MHz/Oe, α =
0.01, and η = 0.8, respectively, by which (Ic, I˜c, I
∗
c ) =
(0.54, 0.58, 0.67) mA [23]. These are typical material pa-
rameters of an in-plane magnetized MTJ consisting of
CoFeB ferromagnets and MgO barrier [5, 6, 21, 22]. As
shown, the switching probability at 300 K reaches almost
100% in the low-current region, I < Ic. On the other
hand, the switching probability at 50 K is much smaller
than 100%, which indicates that the switching at 50 K
mainly occurs for Ic ≤ I < I
∗
c .
Experimentally, the thermal stability ∆0, as well as
the switching current I∗c , have been evaluated from
the switching probability which reaches almost 100 %
[5, 6, 24]. When the temperature is high or the cur-
rent pulse duration time is long, the evolution of the
switching probability from 0 to 100% mainly occurs in
the low-current region. In this case, the linear scaling
of the switching barrier, eq. (7), can be used to analyze
the experimentally observed switching probability. The
switching probability in the high-current region already
reaches 100%, and does not affect the evaluation of the
thermal stability. On the other hand, when the temper-
ature is low or the current pulse duration time is short,
a large current (< I∗c ) is required to saturate the switch-
ing probability 100%. In this case, the evolution of the
switching probability mainly occurs in the high-current
region, where the linear scaling of the switching barrier
is not applicable.
Figure 3 shows the relation between the current pulse
duration time and the temperature T˜ above which the
switching probability in the low-current region is larger
than 99% [25]. This means that above the line in Fig.
3, the switching probability reaches almost 100% in the
low-current region, where linear scaling of the switching
barrier can be used to evaluate the thermal stability. On
the other hand, below the line in Fig. 3, the switching
in the high-current region is not negligible, and linear
scaling is not applicable. It should be noted that the
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FIG. 3: Current pulse duration time dependence of the tem-
perature T˜ above which the switching probability in the low-
current region is larger than 99 %. The linear scaling of the
switching barrier, b = 1, is applicable in the (t, T ) region
above this line.
range of the current pulse duration time in Fig. 3 is from
40 ns to 1 s. For t < 40 ns, because the temperature T˜ is
very high, the switching probability becomes larger than
1% at zero current, which means that the initial state
deviates from the easy axis significantly due to the large
thermal fluctuation. Therefore, we neglect the region
t < 40 ns. For such very short t, linear scaling is no
longer applicable.
Now let us discuss the validity of the linear scaling
of the switching barrier used in the analyses of the ex-
periments. For example, in ref. [5], the current depen-
dences of the switching barrier, ∆(I), for several current
pulse duration times, 5 µs ≤ t ≤ 1 ms, were measured at
room temperature. The material parameters are similar
to those used in Figs. 2 and 3. According to Fig. 3, T˜
in this range of t is much lower than room temperature,
which means that the switching in ref. [5] occurs in the
low-current region. Therefore, the linear scaling of the
switching barrier is applicable to fit the experimental re-
sults of ref. [5]. However, experimentally, a short current
pulse less than 1 µs is also practicable [8]. For such short
t, T˜ is much higher than room temperature, as shown
in Fig. 3, and therefore, linear scaling is not applicable.
In this region, the numerical calculation of the switching
rate from the Fokker-Planck equation is necessary for an
accurate evaluation of the thermal stability [18].
In summary, we showed a theoretical formula for the
switching barrier of an in-plane magnetized ferromagnet,
and pointed out that the switching barrier in the low-
current region showed linear dependence on the current
with a new scaling current I˜c. The temperature (T ) and
current pulse duration time (t) regions in which linear
scaling of the switching barrier is applicable were ob-
tained. We also pointed out that previous experimental
analyses underestimated the spin torque switching cur-
rent at zero temperature.
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